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Spin-spin interactions generated by a detuned cavity are a standard mechanism for generating
highly entangled spin squeezed states. We show here how introducing a weak detuned parametric
(two-photon) drive on the cavity provides a powerful means for controlling the form of the induced
interactions. Without a drive, the induced interactions cannot generate Heisenberg-limited spin
squeezing, but a weak optimized drive gives rise to an ideal two-axis twist interaction and Heisenberg-
limited squeezing. Parametric driving is also advantageous in regimes limited by dissipation, and
enables an alternate adiabatic scheme which can prepare optimally squeezed, Dicke-like states. Our
scheme is compatible with a number of platforms, including solid-state systems where spin ensembles
are coupled to superconducting quantum circuits or mechanical modes.
Introduction— The field of quantum sensing fo-
cuses on enhancing measurements by exploiting en-
tanglement. Among the most studied approaches
are those based on spin squeezing [1], where one uses
an entangled state of N spin 1/2 particles to reduce
the imprecision of a Ramsey-type phase measure-
ment. While there are many approaches for generat-
ing spin squeezing (see e.g. Refs. [2–8]), new meth-
ods are still of interest if they can transcend lim-
itations of standard approaches. The most widely
studied deterministic method is based on exploiting
an all-to-all Ising interaction, the so-called one-axis
twist (OAT) Hamiltonian [2]; this has been imple-
mented in several groundbreaking experiments [9–
12]. While conceptually simple, this method cannot
achieve fundamental 1/N Heisenberg scaling of the
squeezing. In contrast, the so-called two-axis twist
Hamiltonian (TAT) is known to achieve Heisenberg
scaling [2], but is difficult to physically implement.
In this work, we show how adding a detuned para-
metric drive (PD) to the standard setup of spins
coupled to a cavity (Fig. 1) can be used to exactly
implement the TAT interaction, and thus achieve
Heisenberg-limited spin squeezing. Our scheme is
compatible with standard spin-echo techniques, thus
giving it robustness against the effects of inhomoge-
neous broadening and low-frequency noise; it also
outperforms standard OAT in the presence of realis-
tic dissipation. For stronger PD strengths, one can
alternatively implement an adiabatic protocol that
produces Dicke-like states which achieve the maxi-
mum possible level of spin squeezing (outperform-
ing TAT by a factor of 2) [13, 14]. Our approach
could be implemented in a host of systems, including
solid state spins coupled to driven mechanical modes
[5, 15] or driven superconducting cavities [16].
Note that our protocols differ significantly from
FIG. 1. A collective spin Sˆ comprised of N spin 1/2 par-
ticles is coupled to a parametrically driven cavity (drive
amplitude λ). The cavity has a decay rate κ, and the
single-spin dephasing rate is γφ.
previous ideas using PD for spin squeezing. Refer-
ence [17] considered how PD could enhance OAT in
a trapped ion setup; we consider a different basic
spin-boson coupling, and demonstrate methods that
go beyond OAT. Reference [18] considered how PD
in consort with strong cavity frequency modulation
could realize dissipative spin squeezing [19] through
a higher-order process. Our approaches in contrast
require no frequency modulation, and have far more
favourable cooperativity requirements as they do not
involve higher-order processes.
Model— We consider N two-level systems (split-
ting frequency ωs) coupled via a standard Tavis-
Cummings interaction (strength g) to a bosonic
mode subject to a parametric (i.e. two-photon) drive
at frequency 2ωp:
Hˆlab = ωccˆ
†cˆ+ ωsSˆz +
(
gcˆSˆ+ +
λ
2
ei2ωptcˆ2 + h. c.
)
,
(1)
where we introduce collective spin operators Sˆ± =
Sˆx ± iSˆy and Sˆk = 12
∑
j σˆ
k
(j) for k ∈ {x, y, z}, with
σˆk(j) denoting a standard Pauli operator acting on
the jth spin. The parametric drive will give us a
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2powerful means for controlling the form of the cavity
mediated spin-spin interactions. We next move to a
rotating frame (for both spins and cavity) in which
the Hamiltonian is time-independent:
Hˆrot = ∆ccˆ
†cˆ+ ∆sSˆz +
(
gcˆ†Sˆ− +
1
2
λcˆ2 + h. c.
)
.
(2)
Here ∆c/s ≡ ωc/s − ωp are the respective detunings
of the cavity and spins from the parametric drive.
Without loss of generality, we take the parametric
drive amplitude λ to be real and positive, and con-
sider the regime |∆c| ≥ λ, ensuring a stable system.
We can then diagonalize the cavity Hamiltonian in
terms of a Bogoliubov mode βˆ ≡ cosh rcˆ + sinh rcˆ†,
where the parameter r satisfies tanh 2r = λ/∆c.
Defining Eβ ≡
√
∆2c − λ2, this yields
Hˆsq = Eβ βˆ
†βˆ + ∆sSˆz + g
(
βˆ†Σˆ + h. c.
)
. (3)
where the spin Bogoliubov mode is defined as Σˆ ≡
cosh rSˆ− − sinh rSˆ+.
We next consider the case where
√
Ng  Eβ , and
where the parametric drive is almost resonant with
the spins, such that ∆s ∼ g2/Eβ  Eβ . In this
case, we can eliminate the cavity-spin interaction
to leading order using a standard Schreiffer-Wolff
transformation (see [20]); this is analogous to stan-
dard derivations of cavity-mediated OAT [5, 21]. Re-
taining terms to order g2, we obtain an effective in-
teracting spin Hamiltonian:
Hˆeff ' Eβ βˆ†βˆ + ∆sSˆz − χΣˆ†Σˆ− χSˆzβˆ†βˆ. (4)
with χ ≡ g2/Eβ . Superficially, this is identical to
the Hamiltonian for cavity-mediated OAT, except
the spin lowering operator has been replaced by Σˆ,
the spin Bogoliubov operator. As we now show, this
has dramatic consequences.
Induced two-axis twisting (ITAT)— We first ig-
nore the last dispersive coupling term in Eq. (4). In
this case the spins and cavity are decoupled, and
the spin-only terms in Eq. (4) describe an unusual
kind of cavity-mediated spin-spin interaction. Ex-
panding these terms out, and defining χ˜ = χ cosh 2r,
∆˜ = ∆s − χ, we have:
Hˆs = ∆˜Sˆz − χ˜
[(
Sˆ2tot − Sˆ2z
)
− tanh(2r)
(
Sˆ2x − Sˆ2y
)]
,
(5)
with Sˆ2tot = Sˆ
2
x + Sˆ
2
y + Sˆ
2
z . Without a parametric
drive (i.e. r = 0) we have a standard cavity-induced
OAT Hamiltonian [5, 21]. For non-zero r, the new
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FIG. 2. Dissipation-free evolution of spin squeezing
under the spin-spin interaction in Eq. (5) for different
parametric drive amplitudes (∆˜ = 0, N = 5000, spins
initially polarized along x). The solid blue (orange)
curve corresponds to the OAT (TAT) evolution with the
parametric drive amplitude λ = 0 (λ = ∆c/3). The dot-
ted (dashed) orange curve shows results for non-optimal
amplitude of λ = 0.02∆c (λ = 0.92∆c). Even non-ideal
choices of λ lead to performance that surpasses OAT.
Horizontal lines indicate the optimal squeezing for OAT
and TAT. We assume that a Hanh-echo has been per-
formed to cancel the effects of the dispersive interaction.
In the absence of this echo, the optimal squeezing for
λ = ∆c/3 is degraded by less than 1 dB.
interaction terms have the form of the TAT Hamil-
tonian introduced in Ref. [2]; these terms on their
own are capable of generating spin squeezing with
Heisenberg-limited scaling, something that is impos-
sible with an OAT Hamiltonian.
At first glance, it seems like our scheme can never
realize a pure TAT interaction, both because the
OAT-like terms will always dominate (as tanh 2r ≤
1), and because of the spurious linear-in-Sˆz term.
This pessimism is unfounded. First, the unwanted
linear term can be eliminated by simply tuning the
spin detuning to ∆s = χ; this could be done,
e.g., by just slightly shifting the parametric drive
frequency. Second, if we also tune the paramet-
ric drive amplitude so that λ = ∆c/3, we have
tanh 2r → tanh 2r0 = 1/3, and the resulting Hamil-
tonian can be written:
Hˆs → −χ˜
[ (
Sˆ2tot − Sˆ2z
)
− 1
3
(
Sˆ2x − Sˆ2y
) ]
= −2
3
χ˜
[
Sˆ2tot − Sˆ2z + Sˆ2y
]
. (6)
Since Sˆtot is a constant of motion for Hˆs, the ef-
fective dynamics of Hˆs are equivalent to the desired
two-axis twist Hamiltonian.
Eq (6) is a central result of our work, and rep-
resents one the simplest mechanisms we know for
3implementing the TAT Hamiltonian. Previous pro-
posals for realizing TAT tend to be experimentally
demanding. They either require carefully tailored
bang-bang control of the spin ensemble [22, 23], mul-
tiple drive lasers, atomic levels and cavity transitions
[24], or very weak higher-order interaction processes
[25]. In contrast, our scheme utilizes a standard
Tavis-Cummings coupling, and does not require an
elaborate pulsed driving of the spin system. It also
requires only a modest-amplitude parametric drive
(far from any regime of instability). Note one could
alternatively tune λ = −∆c/3; in this case an equiv-
alent TAT Hamiltonian in the z − x plane is gener-
ated. By tuning the parametric drive amplitude, one
can also realize other kinds of spin-spin interactions,
including an OAT Hamiltonian along the y axis, and
a “twist-and-turn” Hamiltonian [26, 27] (see [20]).
We now return to the issue of the dispersive in-
teraction in Eq. (4). In the absence of dissipation,
βˆ†βˆ is a conserved quantity. Further, assuming the
cavity starts in a vacuum state, the βˆ mode starts in
a squeezed state characterized by r0, and thus has
a small but non-zero population. Hence, the small
mean value 〈βˆ†βˆ〉 = sinh2 r0 ' 0.03 can be easily
cancelled by slightly shifting the spin-drive detun-
ing to ∆s = χ(1 + sinh
2 r0). The remaining static
fluctuations of the Bogoliubov-mode number opera-
tor have a dephasing effect, which is also insignifi-
cant due to the smallness of the required parametric
drive amplitude (i.e. 〈(βˆ†βˆ)2〉 − 〈(βˆ†βˆ)〉2 ' 0.06).
They have a negligible effect on the optimal squeez-
ing (numerical simulations show that at N = 5000,
the change in ξ2R is much smaller than 1 dB), and fur-
thermore, their effects can be completely cancelled
by performing a single Hahn-echo pulse half-way
through the evolution period (corresponding to a pi
pulse about, e.g., the x axis). This highlights an-
other key advantage of our scheme: like the stan-
dard cavity-based OAT [5], it is fully compatible
with widely used spin-echo techniques for suppress-
ing the effects of inhomogeneous broadening and
low-frequency dephasing. This is of particular im-
portance in potential solid-state implementations.
As is standard, we quantify the amount of use-
ful spin squeezing using the Ramsey spin squeezing
parameter [28]:
ξ2R ≡ N〈∆Sˆ2⊥〉/
〈
~ˆ
S
〉2
, (7)
where ∆Sˆ2⊥ is the minimum variance in a direc-
tion perpendicular to the direction of the mean of
the collective spin. For our induced TAT Hamilto-
nian, we start with an initial product state where all
spins are polarized along the x direction. As shown
in Fig. 2, if we use a Hahn echo to cancel the ef-
fects of the dispersive coupling, the induced TAT
Hamiltonian (in the absence of dissipation) gener-
ates spin squeezing at an optimal time, that scales as
ξ2R ∼ 4/N . This represents Heisenberg-limited scal-
ing, something that is impossible with a standard
OAT protocol (i.e. our setup with zero parametric
drive), where ξ2R ∼ 1/N2/3 at best. Figure 2 also
shows that our protocol is robust against variations
in the parametric drive amplitude; even when λ is
far away from its optimal value of ∆c/3 the perfor-
mance is superior to OAT.
Impact of dissipation— It is also crucial to un-
derstand the ITAT scheme in the presence of dissi-
pation. As discussed, standard spin-echo pulses are
compatible with our scheme, and hence can be used
to suppress the impact of inhomogeneous broadening
and low-frequency dephasing noise. For the remain-
ing dissipative processes, we assume each spin is de-
phased by a Markovian bath (rate γφ) and that the
cavity has a energy damping rate κ due to coupling
to a zero-temperature environment. The dissipative
dynamics of our system is then described by
˙ˆρ = −i[Hˆs, ρˆ] +D
[√
Γzˆ[r]
]
ρˆ+
γφ
2
N∑
k=1
D
[
σˆz(k)
]
ρˆ,
(8)
where D[z]ρˆ = zˆρˆzˆ†−{zˆ†zˆ, ρˆ}/2 is the standard Lin-
blad dissipative superoperator. Γ = κχ/Eβ is the
rate associated with cavity-induced spin dissipation;
the jump operator describing this process is
zˆ[r] = e−2rSˆx − ie2rSˆy. (9)
For large parametric drives (e.g. as used in the
scheme of Ref. [17]), the drive causes strong amplifi-
cation of the cavity-induced dissipation, potentially
nullifying any advantage. In contrast, our scheme
only requires a small parametric drive (i.e. e2r0 =√
2), leading to minimal amplification of dissipation.
Shown in Fig. 3 are results from numerical simu-
lations of the full master equation [29, 30], depicting
optimal spin squeezing versus N (with Eβ optimized
for each N). We pick parameters such that κ γφ
and the collective cooperativity C ≡ Ng2/(κγφ) is
5 for N = 1, and always evolve starting with spins
fully polarized in the x direction. Even with dissi-
pation, a parametric drive corresponding to r = r0
(i.e. ITAT) appreciably improves performance for
all values of N over the undriven (r = 0, OAT)
case. Our results are also consistent with an ap-
proximate ξ2R ∼ 1/
√C scaling, as would be expected
from a standard linearized treatment of our system
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FIG. 3. Optimized squeezing parameter ξ2R in the pres-
ence of dissipation versus number of spins. The dots
represent the effective master equation (Eq. (8)) sim-
ulation data for OAT (blue) corresponding to λ = 0,
ITAT (maroon) corresponding to λ = ∆c/3 and finally
a case where the drive strength λ is itself (approxi-
mately) optimized (orange), with values λ = α∆c, where
α = 0.70, 0.74, 0.76, 086 for N = 20, 30, 40, 100 respec-
tively. In all cases we take κ = 10g, γφ = 0.02g and op-
timize over Eβ and protocol time. The dashed lines de-
pict corresponding numerical fits to aC−b, with 3.2C−0.4
(blue), 3.8C−0.5 (maroon).
(see [20]). We also consider optimizing the value of
r (i.e. parametric drive strength) for each N . We
find that these optimized r values (orange points
in Fig. 3), are always larger than the value r0 that
would yield the TAT Hamiltonian. At a heuristic
level, increasing r increases the initial rate at which
squeezing is produced, something that is likely ad-
vantageous in the presence of dissipation.
Adiabatic preparation of optimally squeezed
states— While the TAT Hamiltonian is able to
produce Heisenberg-limited spin squeezing, it is
well known that states exist which are squeezed
by an additional factor of 2 [13, 14]. Such states
are infinitesimally close to so-called “Dicke states”:
collective spin eigenstates that have a maximal
Sˆ2tot and are also annihilated by, e.g. Sˆz. As
we now show, by making our parametric drive
time-dependent, our setup can also produce such
states.
To see how this works, note that for even N the
spin Bogoliubov operator Σˆ[r] has a unique state in
its kernel, |ψdk[r]〉 [3, 6, 19]. This state exhibits op-
timal spin-squeezing properities, with ξ2R → 2/N in
the large-r limit. Furthermore, it can be naturally
produced by driving a spin ensemble with squeezed
light [3, 19], and can also be stabilized using dissi-
pative protocols involving multi-level atoms and en-
gineered Raman processes [6].
Our setup provides an alternate, fully coherent
method for generating such states. For even N ,
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FIG. 4. Squeezing parameter ξ2R versus time for the adi-
abatic scheme, for different protocol times: τprot = 60/χ
(blue, solid), τprot = 10/χ (green, dash-dotted). In both
cases N = 1000. The blue dots correspond to the per-
formance one would obtain from an ideal dark state
|ψdk[r(t)]〉. The orange dashed curve depicts the evo-
lution with τproc = 60/χ, but with an odd number of
spins; N = 1001.
|ψdk[r]〉 is the unique zero-energy ground state of
the drive-modified spin-spin interaction in Eq. (4);
all other higher-lying states are separated by a gap.
As discussed in [20], by making the complex para-
metric drive amplitude λ, frequency ωp and spin Lar-
mor frequency ωs all time-dependent, we obtain a
Hamiltonian with the same form as Eq. (4), except
with a time-dependent squeezing parameter r(t).
This Hamiltonian always has an instantaneous zero-
energy eigenstate |ψdk[r(t)]〉. Our protocol thus con-
sists of starting with λ(0) = r(0) = 0, with an initial
state having of all the spins polarized along the z axis
(i.e. |ψdk[r = 0]〉 = |N/2,−N/2〉). We then slowly
ramp up r(t) from 0 to rf by appropriately vary-
ing λ(t), ωp(t) and ωs(t) (see [20]). The adiabatic
theorem then implies that the system evolves from
its initial product form to the highly entangled state
|ψdk[rf ]〉. One can show analytically that for large
rf , |ψdk〉 exhibits spin squeezing with ξ2R ∼ 2/N
[3, 19]. Adiabaticity requires a total evolution time
τprot that is much longer than the relevant inverse
gap, which in our case scales as Ng2/Eβ .
Shown in Fig. 4 are numerical results for the time-
evolution of the squeezing under this adiabatic pro-
tocol for N = 1000 and for different total proto-
col times. We take the time-dependence of r(t) to
smoothly increase from 0 to 4 during the evolution
(see [20]). Even for faster evolution times where non-
adiabatic errors are prevalent, large amounts of spin
squeezing are produced, and performance can still
surpass that of standard OAT. In practice, the dark
state |ψdk[r(t)]〉 only exists for even N . Figure 4
shows that our protocol nonetheless produces con-
5siderable squeezing even when N is odd.
Conclusions— We have explored how paramet-
rically driving a cavity coupled to a spin ensem-
ble can be used to optimize the generation of
highly squeezed spin states. An optimally de-
tuned parametric drive allows a direct realization of
the ideal TAT spin-squeezing Hamiltonian, enabling
Heisenberg-limited scaling. This protocol also sig-
nificantly improved performance over the undriven
system in regimes limited by dissipation. We also de-
scribed an alternate protocol using a time-dependent
parametric drive, which adiabatically produced op-
timally spin-squeezed states which approach Dicke
states.
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Supplemental Material: Heisenberg-limited spin-squeezing via bosonic
parametric driving
Effective Induced TAT System Hamiltonian and Master Equation
In this section, we present a self-contained discussion with additional details related to obtaining an
effective system Hamiltonian as well as the corresponding master equation that in the main text we use
to induce TAT squeezing dynamics of the spins. We start by considering a parametrically driven cavity
represented by an annihilation operator cˆ, that is coupled to a collective spin Sˆ, with a Hamiltonian (taking
~ = 1)
Hˆlab = ωccˆ
†cˆ+ ωsSˆz +
(
gcˆ†Sˆ− +
λ
2
cˆ†cˆ†e−i2ωpt + h. c.
)
, (S1)
where ωc is cavity frequency, ωs the collective spin frequency, g the single-spin cavity-spin coupling strength,
ωp half of the parametric drive frequency, and finally λ the parametric drive amplitude. Without a loss
of generality, we assume λ is real and positive. Furthermore, we envision that our cavity-spin system is
subjected to two noise channels: cavity decay at rate κ, as well as local spin dephasing (uniform among all
spins), characterized by the rate γφ. This leads to a master equation
˙ˆρ = −i[Hˆlab, ρˆ] + κD [cˆ] ρˆ+ γφ
2
∑
k
D
[
σˆz(k)
]
ρˆ, (S2)
where D
[
Aˆ
]
ρˆ = AˆρAˆ† −
(
Aˆ†Aˆρˆ+ ρˆAˆ†Aˆ
)
/2, for any operator Aˆ.
Effective Hamiltonian— In order to arrive at an effective description of the above setup, we begin with
the Hamiltonian from Eq. (S1), and go into a rotating frame dictated by ωp. Introducing ∆c = ωc − ωp and
∆s = ωs − ωp lets us write
Hˆrf = ∆ccˆ
†cˆ+ ∆sSˆz + g
(
cˆ†Sˆ− + h. c.
)
+
λ
2
(
cˆ†cˆ† + h. c.
)
. (S3)
Next, using
Uˆsq = e
− r2 (cˆ2−(cˆ†)2), (S4)
we diagonalize the first and last terms of Eq. (S3). Choosing r such that tanh(2r) = λ/∆, leads to
Hˆsq = UˆsqHˆrf Uˆ
†
sq
= Eβ βˆ
†βˆ + ∆sSˆz +
(
gβˆ†Σˆ + h. c.
)
, (S5)
with Eβ = ∆c sech(2r) =
√
∆2 − λ2, and where for convenience we have introduced a Bogoliubov-like spin-
mode
Σˆ = cosh rSˆ− − sinh rSˆ+, (S6)
as well as a Bogoliubov cavity mode
βˆ = cosh rcˆ+ sinh rcˆ†. (S7)
Cavity Elimination— In order to simplify Eq. (S5) further, we eliminate the cavity from the problem,
using a Schrieffer-Wolff transformation [S5, S31]. Assuming
√
Ng  Eβ and using a generator
Rˆ =
g
Eβ
(
βˆ†Σˆ− h. c.
)
, (S8)
2we calculate H˜eff = e
RˆHˆsqe
−Rˆ. Using the fact that
[
βˆ, βˆ†
]
= 1,
[
Σˆ†, Σˆ
]
= 2Sˆz as well as
[
Sˆz, Σˆ
]
= Σˆ, and
keeping only the leading order terms in g/Eβ , we write
Hˆeff ' Eβ βˆ†βˆ + ∆sSˆz − χΣˆ†Σˆ− χSˆzβˆ†βˆ, (S9)
where for convenience we have defined χ = g2/Eβ , and assumed that ∆s ∼ g2/Eβ  Eβ . In Eq. (S9) the
cavity-spin degrees of freedom now only couple dispersively. By assuming that this dispersive interaction
can be (on average) eliminated through a dynamical decoupling protocol (by appropriate rotations along
a suitably chosen axis in the x-y plane) or by choosing appropriate spin detuning (see below), we can
concentrate only on the spin degree of freedom, and write
Hˆs = −χΣˆ†Σˆ + ∆sSˆz
= −χ˜
[ (
Sˆ2tot − Sˆ2z
)
− tanh(2r)
(
Sˆ2x − Sˆ2y
) ]
+ ∆˜Sˆz, (S10)
with χ˜ = χ cosh 2r and ∆˜ = ∆s − χ. We stress that the last term can be easily tuned by varying ∆s,
which can be useful for both generating the ideal Hamiltonian, but also for removing the mean effects of the
dispersive cavity-spin interaction in Eq. (S9) (see main text).
Induced OAT Dynamics— Let us for the moment assume ∆s = 0 → ∆˜ = −χ. In the limit where r = 0
(λ = 0), it is clear that Eq. (S10) reduces to a Hamiltonian of a standard OAT protocol along the z axis,
namely
Hˆs → −χ
(
Sˆ2tot − Sˆ2z + Sˆz
)
. (S11)
Here our results simply resemble the standard method of generating OAT evolution using a dispersively
coupled cavity-spin system (for example as in [S5]). We also note that the term proportional to Sˆz can be
eliminated by choosing ∆˜ = 0, although its presence has no impact on the amount of squeezing Eq. (S11)
can produce.
We can also obtain an approximate OAT Hamiltonian along the y axis in the limit where r →∞ (λ→ ∆c).
Noting that when r → ∞, we have cosh 2r ≈ sinh 2r ≈ e2r/2, which lets us rewrite Eq. (S10) (still with
∆s = 0) as
Hˆs → −1
2
χe2r
[(
Sˆ2tot − Sˆ2z − Sˆ2x + Sˆ2y
)
+ e−2rSˆz
]
= −χe2r
(
Sˆ2y + e
−2rSˆz
)
≈ −χe2rSˆ2y . (S12)
In the above expression, the effective spin-spin interaction strength is now enhanced (i.e. χ → χe2r), and
points along a different axis than the r = 0 limit shown in Eq. (S11). In the presence of distinct T1 and
T2 spin relaxation processes, different choices of the OAT axis will lead to different amounts of squeezing.
Further, note that if we keep the spin detuning ∆s, then there will be an additional Sˆz term in Eq. (S12).
This then realizes the twist-and-turn Hamiltonian studied by many authors [S26, S27].
Induced TAT Dynamics— Going back to Eq. (S10), we consider another, far more interesting scenario by
choosing values of r that satisfy tanh 2r = ±1/3. Along with setting ∆˜ = 0, such a condition lets us simplify
Eq. (S10) to
Hˆs → −2
3
χ˜
[
Sˆ2tot − Sˆ2z + Sˆ2y
]
, (S13)
in the case of tanh 2r = 1/3 (λ = ∆c/3), and a similar expression, with Sˆx → Sˆy, in the case of tanh 2r =
−1/3 (λ = −∆c/3). Clearly Eq. (S13) corresponds to a TAT Hamiltonian, which can lead to optimal 1/N
scaling of the ξ2R parameter.
Dissipation and Effective Master Equation— In this section, we discuss how the above treatment changes
the master equation shown in Eq. (S2). We start by applying the Schrieffer-Wolff transformation generated
3by Rˆ, to the cavity dissipator proportional to κ from Eq. (S2). Keeping the leading order correction in g/Eβ
and using Eq. (S7), we have
eRˆcˆe−Rˆ ≈
(
cosh rβˆ − sinh rβˆ†
)
− g
Eβ
(
cosh 2rSˆ− − sinh 2rSˆ+
)
. (S14)
Then, noting that for any operators Aˆ and Bˆ
D
[
Aˆ+ Bˆ
]
ρˆ = D
[
Aˆ
]
ρˆ+D
[
Bˆ
]
ρˆ+D
[
Aˆ, Bˆ
]
ρˆ+D
[
Bˆ, Aˆ
]
ρˆ, (S15)
with
D
[
Aˆ, Bˆ
]
ρˆ = AˆρˆBˆ† − 1
2
{Aˆ†Bˆ, ρˆ} = AˆρˆBˆ† − 1
2
(
Aˆ†Bˆρˆ+ ρˆAˆ†Bˆ
)
, (S16)
lets us approximate
κD [cˆ] ρˆ ≈ κD
[
cosh rβˆ − sinh rβˆ†
]
ρˆ+ ΓD
[
cosh 2rSˆ− − sinh 2rSˆ+
]
ρˆ, (S17)
where we have defined the effective dissipative rate of the collective spins degree of freedom term as Γ =
κχ/Eβ , as well as dropped the fast oscillating cross-terms (proportional to D
[
βˆ, Sˆ+
]
ρˆ, etc.). This lead to
the effective master equation for the spins as shown in the main text.
Adiabatic evolution protocol
Effective Hamiltonian— As discussed in the main text, our scheme can also be used to adiabatically
prepare optimally spin-squeezed states. This requires engineering a Hamiltonian with the same form as
Eq. (S5), except where the r parameter is time-dependent. Similarly to Eq. (S1), we start with
Hˆlab(t) = ωccˆ
†cˆ+ ωs(t)Sˆz + g
(
cˆ†Sˆ− + cˆSˆ+
)
+
(
λ(t)
2
cˆ2eiϕp(t) +
λ(t)∗
2
(cˆ†)2e−iφp(t)
)
, (S18)
where ϕp(t) = 2
∫ t
0
dt′ωp(t′); here the spin frequency ωs(t), the parametric drive frequency ωp(t) and para-
metric drive amplitude λ(t) are all time dependent. This corresponds to chirping the parametric drive
frequency, and also varying the spin Larmor frequency. We point out, however, that instead of making the
spin Larmor frequency be time-dependent, we could also arrive at the same effective Hamiltonian by instead
introducing appropriate time-dependence to ωc.
Going into a rotating frame defined by Uˆrf(t) = exp
[
iϕp(t)(cˆ
†cˆ+ Sˆz)
]
, gives
Hˆrf(t) = Uˆrf(t)Hˆlab(t)Uˆ
†
rf(t) + i
˙ˆ
Urf(t)Uˆ
†
rf(t)
= ∆c(t)cˆ
†cˆ+ ∆s(t)Sˆz +
(
gcˆ†Sˆ− +
λ(t)
2
cˆ†cˆ† + h. c.
)
, (S19)
with ∆c(t) = ωc − ωp(t), ∆s(t) = ωs(t)− ωp(t).
For our adiabatic protocol, we first pick a desired time dependent squeezing parameter r(t) that evolves
smoothly and slowly from r(0) = 0 to r(τprot) = rf , with τprot representing the total protocol time. We
also choose a target cavity Bogoliubov mode energy Eβ that is time-independent (as this helps minimize
non-adiabatic errors [S32]) Once these choices are made, we use them to determine the time-dependence of
the chirped parametric drive frequency ωp(t) and the real part of the parametric drive amplitude λ(t). This
is done via the equations:
∆c(t) = Eβ cosh 2r(t), (S20)
Reλ(t) = Eβ sinh 2r(t). (S21)
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FIG. S1. A plot showing Imλ(t) (blue, left axis) and the corresponding r(t) (red, right axis) as a function of protocol
time. This pulse was used in the simulations shown in Fig. (4) (see main text for details).
Finally, we chose the imaginary part of the parametric drive amplitude that satisfies
Imλ(t) = r˙(t) (S22)
With these choices, we can now further transform our system into a moving squeezed frame via the unitary
Uˆsq(t) = e
− r(t)2 [cˆ2−(cˆ†)2], (S23)
Our choices above ensure that the resulting instantaneous Hamiltonian in this moving frame has a cavity-
only part that it diagonal; the choice of Imλ(t) cancels the inertial term associated with the transformation,
which results in
Hˆsq(t) = ∆s(t)Sˆz + Eβ cˆ
†cˆ+
(
gcˆ†Σˆ[r(t)] + h. c.
)
, (S24)
where we now make the r- (and therefore time-) dependence of the Bogoliubov spin operator Σˆ[r(t)] explicit.
We now have our desired Hamiltonian: in this moving squeezed frame, the instantaneous Hamiltonian
involves the cavity interacting with the instantaneous spin-Bogoliubov mode Σˆ[r(t)]. We can now follow the
same steps we took in the time-independent case, and eliminate the cavity via a Schreiffer-Wolff transforma-
tion to obtain the desired Eq. (4) of the main text. Note that the remaining freedom in choosing the time
dependence of the spin frequency ωs(t) (and hence ∆s(t)) can be used to cancel the final term ∼ Sˆz, as was
done in the time-independent protocol.
The attentive reader will of course note that the Schreiffer-Wolff transformation we need to make in the
time-dependent case will involve a time-dependent generator, and will hence produce new terms compared
to the static case. However, these terms can be safely neglected as we are interested in an adiabatic protocol,
where r(t) evolves slowly. In particular, we will have r˙(t)  χ, implying that terms associated with the
time-derivative of the Schreiffer-Wolff generator do not contribute to the transformed Hamiltonian to leading
order in χ.
Adiabatic pulse— In order for our adiabatic protocol to work, we have to choose the drive λ(t) so that
r(t) slowly increases from zero to its desired value rf at the end of the evolution. To do so, we choose a
Imλ(t) that takes the form of a polynomial
Imλ(t) =
30rf
τprot
(
t
τprot
− 1
)2(
t
τprot
)2
, (S25)
which is chosen to be smooth, with Imλ(0) = Imλ(τprot) = λ˙(0) = Im λ˙(τprot) = 0 [S33], and to satisfy
r(τprot) = rf . Using Eq. (S22), lets us write r(t) as
r(t) =
rf
2
(
3t
τprot
(
2t
τprot
− 5
)
+ 10
)(
t
τprot
)3
. (S26)
Figure (S1) shows Imλ(t) and r(t) used in the simulations described in the main text, with rf = 4.
5Linearized theory
In this section, we use the linearized theory to study the minimum squeezing parameter ξ2R that can be
achieved by the ITAT Hamiltonian in Eq. (S13). We focus on the time evolution of the relevant spin operator
variances, 〈Sˆ2y〉, 〈Sˆ2z 〉, and 〈 SˆySˆz+SˆzSˆy2 〉, while assuming the other spin operator expectation values change
negligibly during the evolution, i.e.,
〈Sˆx〉 = N
2
, 〈Sˆy〉 = 〈Sˆz〉 = 0 , 〈Sˆ2x〉 =
N2
4
, 〈 SˆxSˆy + SˆySˆx
2
〉 = 〈 SˆxSˆz + SˆzSˆx
2
〉 = 0 . (S27)
These assumptions are consistent with starting the evolution with all the spins aligned along the positive Sˆx
axis. Furthermore, we can assume the dynamics of these variances are dominated by the Hamiltonian, while
the dephasing and dissipation contribute only weakly. The equation of motion is then given by
d
dt
 〈Sˆ2y〉〈Sˆ2z 〉
〈 SˆySˆz+SˆzSˆy2 〉
 = 2
3
χ˜
 0 0 2N0 0 2N
−N −N 0

 〈Sˆ2y〉〈Sˆ2z 〉
〈 SˆySˆz+SˆzSˆy2 〉
+ γφ
 N20
0
+ Γ
 0e4r0 N24
0
 . (S28)
The time evolution of the variances can be solved analytically. We find that the solution involves one
exponentially increasing eigenvector and one exponentially decreasing eigenvector. It means that under the
ITAT interaction, one spin direction is anti-squeezed and another direction is squeezed.
The spin variance along any direction perpendicular to the mean spin direction of the collective spin, i.e.
Sˆθ ≡ cos θSˆy + sin θSˆz, is given by
〈Sˆ2θ 〉 = cos2 θ〈Sˆ2y〉+ sin2 θ〈Sˆ2z 〉+ 2 sin θ cos θ〈
SˆySˆz + SˆzSˆy
2
〉 . (S29)
In the case we are studying, the direction with the minimum spin variance corresponds to the direction where
the variance is squeezed. We find that this direction is θ = −pi/4, and the dynamics of this variance follows
d
dt
〈Sˆ2−pi/4〉 = −
4
3
Nχ˜〈Sˆ2−pi/4〉+
N
4
γφ +
N2
4
Γ . (S30)
This spin variance reduces monotonically during evolution, and therefore the minimum variance is attained
at the steady state:
〈∆Sˆ2⊥〉 = 〈Sˆ2−pi/4(t→∞)〉 =
3
16
γφ +NΓ
χ˜
. (S31)
Here both the ITAT interaction strength χ˜ and cavity-induced spin dissipation rate Γ depend on the
Bogoliubov mode energy Eβ :
χ˜ =
3
2
√
2
g2
Eβ
, Γ = κ
g2
E2β
. (S32)
Finally, 〈∆Sˆ2⊥〉 can be minimized by choosing the optimal Bogoliubov mode energy
Eβ =
√
N
√
g2κ
γφ
. (S33)
The minimum squeezing parameter is given by
min{ξ2R} =
√
2
C , (S34)
where C ≡ Ng2/(κγφ) is the collective spin cooperativity.
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